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Motivation

Verification of fully-numeric codes

Sponsor: Sandia National Laboratory

Personnel: K.

Dowding, D. Amos (Sandia);

J. Beck , D. Yen, R. McMasters, (MI State);
K. D. Cole, P. E. Crittenden (Nebraska)

Geometry: Parallelepiped
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Outline

e Temperature problem, Cartesian domains
e Green’s function solution

e Green’s function in 1D, 2D and 3D

e \WWeb-based Library of Green’s Functions

e Summary
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Temperature Problem

in ahnite domain R
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Domain R includes the slab, rectangle, and parallelepiped.

f; on the 8 boundary

The boundary condition represents one of three types :
Type 1. k=0, A=1, and f; a specified temperature;

Type 2. k=k, h=0, and 7; a specified heat flux [ W/ n?];
Type 3. k=kand A;a heat transfer coefficient [ W/ n?/°K].
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What is a Green's Function?

Green's function (GF) is the response of a body (with
homogeneous boundary conditions) to a
concentrated energy source. The GF depends on
the differential equation, the body shape, and the
type of boundary conditions present.

Given the GF for a geometry, any temperature
problem can be solved by integration.

Green's functions are named in honor of English
mathematician George Green (1793-1841).
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Green’s function solution

d
T(r)= f gf;‘ ) Glr |*' )dv’ (for volume energy generation)

+ Z‘/‘ %G(r, |r‘;-]ara‘;- (for b. c. of type 2 and 3)
g

/
— Zf J{,-&GE;HJ.T’ ) ds’ (for b. c. of type 1 only)

Green'’s function G is the response at location » to an
infinitessimal heat source located at coordinate r’.
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Green’s function for 1D Slab

d2G
= —dy—¢); <y <W
iy
896 L ha = 0: i=1or?
dn;

Boundary conditions are homogeneous, and of the same
type (1, 2, or 3) as the temperature problem. There are
32 = 9 combinations of boundary types for the 1D slab.
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T
1D Example 620~y Lo
G=0 at y=0 and at y=W. S
Y11 case. Two forms: -
Series. 2 1 sin{¥ny) sin(¥ny’)
Z; w2
Polynomial. y(l -y jW); y<y

Gl v) = { v(l—w/W); wv>9
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Y11 case, continued
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Plot of G(y,y’) versus y Y11 Geometry.

for several y’ values.
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GF for the 2D Rectangle

8*G  9'G

5a2 T g2 = e -y —y) 0<s <L 0<y<W
JE':'gi;wj—IFJIJI"'-'S* = 0 forfacest1=1,2,3,4
ny

eHere G is dimensionless.
eThere are 3% = 81 different combinations of boundary
conditions (different GF) in the rectangle.
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i
2D Example T
) 'f— _
% ko G=0
Case X21Y11. G=0 at edges, % . &
i 23 ol K
except insulated at x=0. S 1 .
P i\L G=0

Double sum form:

. —_

cos( Am®) BIn(Yny) 10 (Yny’)

;o e .
Sloy 1<49) = 2 20 — Gy (y2 + 22%)

where *].f,ﬁ:mrfW }-m:[m—lfﬂ]ffﬂ
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2D Example, case X21Y11

Single sum form:

Glz, v IIE!T;] — E Jiﬂ[Tnﬂ-}‘;[TﬂTJ] P.(z, I.f]

n=1
where kernel function A2, for this case is:

Po(z,s') = {—exp[~7al2L — |z — &'|)] - exp[—7n(2L — 5 — &')]
+ gxp[—']'n II — g’ I] + EIP[-TH[I + II]]}
+{27n[l + exp(—2yn L)]}
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Case X21Y11 heated at (0.4,0.4)
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GF for the 3D Parallelepiped

§*G 2*G @G

Py + oy + ryr il —dlz — = Vy — vV[z — 2

e L 0y < W, 02 H

E,'&—G-IFF],G

0 forfaces 1 =1,3,...,6
dn .,

There are 36=729 combinations of boundary types.
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3D Example i
Case X21Y11/Z12 ~ ﬁ :

Triple sum form: d
. o o 008( A x) €08 (A2’ ) S1n(¥ny) sin (¥ny)
G=2 22 (Z/D)(W/2)(H/2)

sin(np#) sin(npa’)
(A + 72 +15)
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3D Example, X21Y11712
Alternate double-sum forms:

— Fin[Tny-’] sin[j’nﬂ Ein[q ;] gin[ﬂ ;r] ,
E E (W/2)(H/[2) [;;-; +H:]r Prplz, z')

_ = o 08 (Amt’ ) cos{ A T) sin(np2) sin(np2z’) ;

p=1n=1

p=1im=1

_ = o 08 A’ ) cos( ) sin(yny) sinyay’)
= 22 T G (% +72)

Pranlz, 2

n=1m=1
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Web Publication: Promise

e Material can be presented in multiple
digital formats, may be cut and pasted
into other digital documents.

o Immediate world-wide distribution.
e Retain control of content, easily updated.

e Hyperlinks to related sites.
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Web Publication: Pitfalls

e No editorial support, no royalties.

e Unclear copyright protection.

e Continued operating costs (service
brovider, computer maintenance, etc.)

o Little academic reward; doesn’t “count”
as a publication.
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NIST Digital Library of
Mathematical Functions

o \Web-based revision of handbook by
Abramowitz and Stegun (1964).

e Emphasis on text, graphics with few
colors, photos used sparingly.

e Navigational tools on every page.
e No proprietary file formats (HTML only).
e Source code developed in AMS-TeX.
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Green’s Function Library

e Source code is LateX, converted to HTML
with shareware code latex2html run on a
Linux PC

e GF are organized by equation, coordinate
system, body shape, and type of
boundary conditions

e Each GF also has an identifying number
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Contents of the GF Library

 Heat Equation. Transient Heat Conduction
Rectangular Coordinates. Transient 1-D
Cylindrical Coordinates. Transient 1-D
Radial-Spherical Coordinates.Transient 1-D

* Laplace Equation. Steady Heat Conduction
Rectangular Coordinates. Steady 1-D
Rectangular Coordinates. Finite Bodies, Steady.
Cylindrical Coordinates. Steady 1-D
Radial-Spherical Coordinates.Steady 1-D

* Helmholtz Equation. Steady with Side Losses
Rectangular Coordinates. Steady 1-D

Steady Heat Conduction and a Library of Green’s Functions
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¥ Green’s Function Library - Netscape
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Green's Function Library

The purpose of the Green's Funchion (GF) Libraty 13 to orgatize solutions of near differential equations

atnd to malce them accessible on the World Wide Web.

The GF Library should be useful to engineers, scientists, mathematicians, geologists, or atyone working
with hinear differential equations of the diffusion type. The GF Library, begun mn 1999 15 an extension of
out book Heal Conduction Using Green's Funciions (Beck, Cole, Haj-Shiekh, and Litleouls, 19592,

Hersphere).
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« Contents of the GF Library.
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@ |=1IP= | |Net5n:a|:|e

= £k &2 E




i Plate, steady 1-D. - Netscape (=] B
Eile Edit Wiew Go Communicator  Help
) A B . W 3 & 3 @ N
. Lmeemcd —— fesrch  Metscape Frint Security Shop Stop
Library of Green's Funn:tln:uns Fu:ur Heat Conduction | =
J Bookmarks B Location: |htt|:| Sy BN unl.edu.-"”glll:urar_l,l.-"glibcuntentfnndeED.html j ﬁ YWhat's Related

| next |up | previous

Mexi: Eectangular Coordinates. Findte Bodies, Up: Eectangular Coordinates. Steady 1.1 Previous: Semi infinite body, steady

Plate, steady 1-D.

X1 1 Plate, G=0 (Ditictlet) at x=0 and x=L.

£(l —2')fL forz <2’

Gxalz |£7) = { (1l —z)/L forz > g

X12 Plate, G=0 (Ditichlet) at »=0 and G J@x = 0 Weumann) at x=L.

r forzs <’

Gxuls |¢') = {  forr >’

X13 Prate, G=0 (Disichlet) at =0 and k@G J8x + h3G = 0 (Meumann) at x=L Note By=h Lik

oy ) e[l = Balg'[L){(1 + By)] fors<s
Gxaals |¢7) = { 1 —B?:[l-'fﬂ]f[l +B:]] forr >z

= (== | IReturn to previous document in history list
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# solid cylinder transient 1-D. - Netscape - O] x|
Eile Edit Wew Go Communicator Help
- - A B 2 =+ & B @
Eack Fonward Reload Home Search  Metzcape Frirnt S ecurity Shop Stop
wﬂt " Bookmarks ,,_,_IE{_ Location: | http: A A engr.unl edud~glibramglibcontent /node3. kil ;I ﬁ' What's Felated

|ne:-:t |1.1p |previn:|us

Mexi: Hollow cylinder, transient 1.0 Up: Cylindrical Coordinates. Transient 1-T0. Previeus: [nfirute body
with circular

solid cylinder transient 1-D.

R.O1 zotid cylinder D=r<b, with G=0 (Diricklet) at r=b, o

Groalr, t |, r) = p Ee::p[ —B2 a(t — ) fb%]

Jnfﬁm"”] Jo (ﬁmf’fﬁ]
[--T:l (ﬁm] ]

with eigenvalues given by Jn[ﬂm] =10.

E |=4I°'= | |D-:n:|_|rnent: Cone
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Summary

e GF in slabs, rectangle, and parallelepiped
for 3 types of boundary conditions

e These GF have components in common:
9 eigenfunctions and 18 kernel functions

e Alternate forms of each GF allow efficient
numerical evaluation
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Summary, continued.

Web Publishing: wide dissemination,

local control, updatable; continuing
expense, little academic reward.

Green’s Function Library: source code
developed in LateX (runs on any computer)
and converted to HTML with latex2html
(runs on Linux).
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Work in progress: Dynamic Math

e Currently GF web page is static, book-like

e Temperature solutions are too numerous for
pre-determined display

o Working to create and display temperature
solutions on demand, in response to user
input.

e Code with open standards Perl, latex2html
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